Casimir force between some surfaces close to each other by Ahmedov, H & Duru, I H
Casimir force between some surfaces close to
each other.
H. Ahmedov1 and I. H. Duru2,1
1. Feza Gursey Institute, P.O. Box 6, 81220, Cengelko¨y, Istanbul, Turkey 1.
2. Trakya University, Mathematics Department, P.O. Box 126, Edirne,
Turkey.
Abstract
Casimir interactions ( due to the scalar eld fluctuations ) of two surfaces
which are close to each other are studied. After a brief general presentation,
explicit calculations for co-axial cylinders, co-centric spheres and co-axial
cones are performed.
I. Introduction
Experimentally the Casimir interactions have been observed for the geomet-
rical setups involving two ( actually disconected ) surfaces [1]. The original
Casimir force between parallel planes [2] was rst veried by experiments
in 1958 [3]. The experiments were repeated by higher precision for the force
between the plates and the surfaces of dierent geometries i. e. cylinders and
spheres [1]. Sphere above a plane conguration [4] is particularly convenient
in experimental tests for it does not give rise the precise alignment problem
of the parallel plate case [1]. Note that the calculation for the sphere-plane
geometry is exact if the radius of the sphere is small compared to the distance
to the plane [4]. Sphere-sphere geometry has also been studied, subject to
the similar approximation as the sphere-plane problem [5]. The interactions
of two concentric spheres has recently been addressed [6].
The purpose of the present work is to study new two surfaces geometries.
We calculate the Casimir forces resulting from the vacuum fluctuations of
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scalar elds, between surfaces which are close to each other. Since the Casimir
measurements are performed for small separ ations this approximation does
not constitute a grave disadvantage.
After the brief outline of our approach to the surface-surface interaction
in Section 2, we proceed with specic examples, that is co-axial cylinders,
co-centric spheres and co-axial conical surfaces. In all three examples we get
attractive Casimir forces.
II. Casimir energy for the region between two bound-
aries which are close to each other
We rst choose the suitable spatial curvilinear coordinates ηj, j = 1, 2, 3 for
the geometry we deal with. The corresponding Minkowski metric and the
Klein-Gordon operator are then
ds2 = dt2 − gijdηidηj (1)






















where ω(λ)(η) and ω
2(λ) are the eigenfunctions and eigenvalues of the equa-












For massive scalar eld one only changes ω2 by ω2 + µ2; with µ being the
mass. We assume that the above equation is separable in the spatial coor-
dinates ηj. Here η and λ stand for the collection of the coordinates ηj and
the corresponding eigennumbers λj ( which are specied by the boundary
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where A is the domain of the coordinates ηj. For the renormalization pur-










The renormalized energy density is then obtained after calculating the coin-
cidence limit derivatives as:









where ( Ren ) means taking the remaining nite part of the expression in the
square bracket after β ! 0 limit.
To calculate the Casimir energy one needs the eigenvalues of the problem.
The eigenvalues ω2(λ) depend on tree quantum numbers λj corresponding
to the degrees of freedoms in directions ηj in which we assume that the
equation (4) can be separated. We further assume that after the separation of
variables the eigenvalue equations in coordinates η1, η2 can be trivially solved,
and the corresponding quantum numbers λ1, λ2 are easily obtained. This
assumption does not introduce a strong restriction. In fact many problems
in the literature are of that type. For example when one studies the Casimir
energy inside a spherical cavity, only nontrivial problem is the radial problem
in which one has to deal with the roots of the Bessel functions to impose the
boundary condition [1].
In this work we employ an approximation method to calculate the nontriv-
ial spectral parameter λ3, which is valid if the problem involves two bound-
aries in direction η3, which are close to each other.










where a(η3) and Vλ1λ2(η3) are some functions determined by the explicit
form of the metric (1). The eective potential Vλ1λ2(η3) in η
3 problem in
general depends on the quantum numbers λ1 and λ2, which are the separation
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constants for variables η1 and η2. The boundary conditions we have to impose
for the type of geometries under investigations are
λ3(η
3
0) = 0, λ3(η
3
1) = 0, (9)
where η30 < η
3
1. In practice the above boundary conditions require dealing
with the roots of special functions which are quite involved. However if
the boundaries are closed to each other, i.e. for η31 − η30  η30, ( as we
explicitly see in the following sections) after bringing equation (8) into a
Schro¨dinger form, one can approximate the eective potential with one which
is easier to impose boundary conditions. In the examples we present, these
approximated eective potentials are all constants.
III. Casimir energy in the region between the co-axial
cylinders
In the cylindrical coordinates, i.e. with the metric
ds2 = dt2 − dz2 − dr2 − r2dφ2 (10)
















] = ω2 (11)





















They should satisfy the boundary conditions on the co-axial cylinders ( with
radii r0 < r1 )
vpnm(r0) = 0, v
p
nm(r1) = 0. (14)
4
n is the radial quantum number corresponding to λ3 of the previous sec-
tion. The Green function with the cut o factor for the volume between the



















The renormalized vacuum energy density is then:
T = Ren [ lim
t,r,z,φ!t′,r′,z′,φ′




Substituting vpnm = r
−1/2ψpnm in (13)we obtain the Schro¨dinger equation (
with (µnm)
2 = (ωpnm)












, r 2 (r0, r1)
(18)
Note that the solution of (17) satisfying the boundary condition at r0 is given





where Ωnm to be dened by the normalization∫ r1
r0
jψnm(r)j2rdr = 1. (20)
In practice however the above integral is very dicult to calculate for ar-
bitrary values of r0, r1. The spectrum µnm should be determined from the
boundary condition at r1:
ψnm(r1) = 0 (21)
which is quite involved equation. However if the cylindrical surfaces are close
to each other, we can relay on the approximation summarized in Section II.
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If 4r  r1 − r0  r0 we can approximate the eective potential in (18) by
the constant one
V 0 = f 1, r = r0, r = r1m2− 1
4
R2
, r 2 (r0, r1)
, (22)
with R being some constant. The Schro¨dinger equations with the potential















; n = 1, 2, 3, . . . (24)
The Condition for the approximation to be valid is













being the norm of operators in the Hilbert space of the Schro¨dinger equation
17). For the left hand side of the above inequality we use the estimation












We then insert the radial wave functions and the eigenvalues of (23) and (24)
into (15), and then integrate the energy density (16) over the volume of the

























After integration over p we have ( with ωpnm =
√


























F (it)− F (−it)

























t2 − (piRn4r )2)
e2pit − 1 .
(33)
















Since the range of t is larger or equal to piRn4r in the second integral we write
1
e2pit − 1 ’ e
−2pit. (35)




















We insert (34) and (36) into (33) then perform the n summation in (31).



























]; t  β
2piR
. (39)






A = − Ren [ ∂
2
∂s2
δ + δ2 + δ3 + δ4
s2
] (40)
The term δn with n > 4 give no contribution. It is also enough to take into










’ −0, 9. (41)





which is negligible small for 4r  R.
The Casimir energy per unit height between the close cylinders is then




which implies that the cylinders are attracted to each other by a radial force




IV. Casimir energy between two close concen-
tric spheres
We employ the spherical coordinates
ds2 = dt2 − dr2 − r2(dθ2 + sin2 θdφ2) (45)
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and insert the solution in terms of the spherical harmonics
 = Y lm(θ, φ)v
p
nm(r); l = 0, 1, 2, . . . , −l  m  l (46)
into the Klein-Gordon equation (4). The resulting radial eigenvalue problem















subject to the boundary conditions
uln(r0) = 0, uln(r1) = 0. (48)
Here r0 < r1 are the radii of the spheres and n is the radial quantum num-
ber to be determined by the boundary conditions. To satisfy the boundary
conditions one has to deal with the roots of the radial wave function unl(r)
which as in the previous section are the Bessel functions ( with m replaced
by l + 1/2). However since we are interested in 4r  r1 − r0  r0 limit, we
can proceed as we did in the previous section.
We rst substitute uln = r
−1ψln in (47) and arrive at the Schro¨dinger
equation ( with boundary conditions (48) ) which is same as the one in
(17) with m! l + 1/2 replacement. The remaining steps are similar to the
















; n = 1, 2, . . . . (50)
With the above approximated radial eigenfunctions and eigenvalues we can

















0)Y lm(θ, φ)Y lm(θ0, φ0) (51)
Integrating the renormalized vacuum energy density
T = Ren [ lim
t,r,θ,φ!t′,r′,θ′,φ′



















The formula we get after the summation over
∑l
m=−l ( using the addition
theorem for the spherical harmonics ) is










































where A is the same as (41). Thus the total energy is
E = −0, 9pi3 r0r1
(4r)3 (57)
which produces an attractive radial force
F = −2, 7pi3 r0r1
(4r)4 . (58)












The smaller the radius, the larger the force outward. Naively it is expected
to have a net attraction between concentric spheres for outward sphere is
less forced outward compared the inner one. However the force we obtain
in (58) is very large compared to the dierence of FR and RR−4r, because
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in our case all contributions come from the very high frequency modes, for
4r  R.
V. Casimir energy between the co-axial cones
























] = ω2 (61)
subject to the boundary conditions ( with θ0 < θ1 )
jθ=θ0 = 0, jθ=θ1 = 0 (62)
where θ0 and θ1 are the azimuthal angles of two conic surfaces symmetric



















]wnm(θ) = λnm(νnm + 1)wnm(θ) (64)
subject to the boundary conditions
wnm(θ0) = 0, wnm(θ1) = 0. (65)
The solution of this boundary problem can be written in terms of the appro-
priate associated Legendre functions. The spectral parameter will be dened
by the roots of this solution. The vacuum energy density is
T = Ren [ lim
t,r,θ,φ!t′,r′,θ′,φ′

























































where Qλ is the Legendre function of the second kind. The diculty is now
nding the quantum number λnm. Note that unlike the previous examples
studied in sections III and IV, the nontrivial quantum number is not ω which
is integrated over but λnm which correspond to l of section IV. If the angle
dierence 4θ  θ1−θ0 is very small the Schro¨dinger equation obtained from








]ψnm(θ) = (λnm + 1/2)
2ψnm(θ) (70)












with  being some constant which will be specied later. Wave functions








, n = 1, 2, . . . (73)









k  (λ01m + 1/2)2, (74)



































z − t log
2(z − t)p
z2 − 1), (78)

















which are valid for z being very close to 1. After some elaboration we get





The total energy in the slice of unit thickness in z-axis, at angle θ is




This energy causes an attractive torque on the circular belt of unit thickness
along the z-axis





It is interesting to compare the attractive force we obtained with the repulsive
Casimir force between two planes with the angle α < pi between them, i.e.
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the wedge problem [9]. The torque at the distance r from the intersection
line of the planes on the unit area is














is repulsive. However if we consider four planes with a common intersection
line with the angle α between the inner planes and with the angle β between
the outer and the inner ones, the net torque on the outer two planes will be:









which is attractive for β  α. This is in qualitative agreement with our
example. However we should not forget the signicant topological dierence
of our geometry.
VI. Final Remarks
The geometries we studied which are surfaces close to each other are all
locally same as the parallel plane geometry. However, although the forces we
obtained are all attractive, quantitatively they are quite dierent from the
forces between the parallel planes. This dierences we think are due to the
global dierences of the geometries.
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